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Bose-Einstein condensation in a mixture of interacting Bose and Fermi particles
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A self-consistent field model for a mixture of Bose and Fermi particles is formulated. There is
explored in detail the case of a delta-like interaction, for which the thermodynamic functions are
obtained, and Bose-Einstein condensation of interacting particles in the presence of the admixture
of fermions is studied. It is shown that the admixture of Fermi particles leads to reducing of the
temperature of Bose-Einstein condensation and smoothing of features of thermodynamic quantities
at the transition temperature. As in the case of a pure Bose system, in the state of a mixture with
condensate the dependence of the thermodynamic potential on the interaction constant between
Bose particles has a nonanalytic character, so that it proves impossible to develop the perturbation
theory in the magnitude of interaction of Bose particles.
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I. INTRODUCTION
The phenomenon of Bose-Einstein condensation [1, 2]
was used by F. London [3] and Tisza [4] to explain the
phenomenon of superfluidity of liquid helium discovered
by Kapitsa [5] and Allen [6]. Yet the model of an ideal
gas is too simple to explain properties of dense systems
in which the interparticle interaction plays a substantial
role, the fact that was pointed out by Landau [7]. But,
as was demonstrated in experiments on neutron scatter-
ing in the superfluid 4He [8, 9], Bose-Einstein condensate
exists also in the presence of the interparticle interaction.
A new splash of interest to the phenomenon of superflu-
idity and its relationship to condensation is associated
with the discovery about 20 years ago of Bose-Einstein
condensation in atomic gases of alkali metals confined in
magnetic [10, 11] and laser traps [12].
In the middle of last century there appeared a possibil-
ity of obtaining the isotope 3He in significant quantities,
which enabled to start a systematic study of the prop-
erties of the quantum systems consisting of bosons and
fermions – 3He – 4He solutions [13]. Landau and Pomer-
anchuk considered [14] on a qualitative level the behavior
of the admixture of 3He in the superfluid 4He at a low
concentration of fermions and showed that the admixture
particles do not participate in the superfluid motion. In
work by Bardeen, Baym, and Pines [15] it was shown how
the form of the effective pair potential of interaction be-
tween the admixture quasiparticles can be reconstructed
based on the comparison to experimental data. A review
of theoretical approaches for description of the properties
of 3He – 4He solutions and a discussion of the problem of
superfluidity therein are given in works [16, 17].
Presently, along with a research on condensation of
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Bose atoms in magnetic and laser traps, there is a grow-
ing interest in studying in such traps of the properties
of gases which atoms obey the Fermi statistics [18], and
of their mixtures. Theoretically a mixture of bosons and
fermions at zero temperature in external field was con-
sidered in [19]. A study of the properties of mixtures
of Fermi and Bose particles from different perspectives
was performed in relatively recent papers [20–23]. Note,
however, that the analysis of influence of the Fermi ad-
mixture on the character in itself of the phase transition
into the state with Bose-Einstein condensate has actually
received little attention.
In work [24] it was proposed a relatively simple model
of Bose-Einstein condensation of interacting particles, in
which the transition into the state of lowest energy with
a macroscopic number of particles is accounted for in a
similar way as is done within the Bose-Einstein model of
an ideal gas [2]. There is a number of difficulties in the
theory of Bose-Einstein condensation of an ideal gas, in
particular connected with the fact that the description of
condensation requires to fix the chemical potential which
is considered as an independent thermodynamic variable
above the transition temperature. Besides that, below
the condensation temperature the pressure proves to be
a function of only temperature and does not depend on
the density. As a consequence the isobaric heat capacity
[25] and the isothermal compressibility become infinite,
in contradiction with general principles of thermodynam-
ics according to which the heat capacities have to tend
to zero as temperature approaches zero [26]. A direct in-
dication of the limitation of the model of Bose-Einstein
condensation in an ideal gas is that the fluctuation of
the number of particles in the phase with condensate be-
comes infinite [26]. Accounting for the interaction be-
tween particles enables to eliminate these difficulties [24]
and ensure the fulfillment of the correct thermodynamic
relations in the state with condensate as well.
2In this paper, on the basis of the model of condensation
of interacting particles, which was proposed in [24], we
consider the influence of Fermi particles on Bose-Einstein
condensation, with the number of admixture particles
not being assumed small. At first, the self-consistent
field equations for a mixture of interacting bosons and
fermions in the absence of Bose-Einstein condensate and
for arbitrary pair interaction potentials are formulated in
general form. The case of a delta-like interaction between
particles is explored in detail and formulas for the ther-
modynamic potential, equation of state, entropy, heat
capacities, isothermal and adiabatic compressibilities are
obtained. The transition into the state with condensate is
described in a similar way as it was done for a pure Bose
system in [24], at that the chemical potentials of both
components of a mixture remain “good” thermodynamic
variables and the calculated thermodynamic quantities
in the phase with condensate satisfy all general require-
ments. The conditions of stability of the spatially uni-
form states are considered. The results of some specific
calculations of the temperature dependencies of pressure,
heat capacities and compressibilities at different concen-
trations of Fermi particles are presented. It is shown
that adding the Fermi admixture leads to reducing of the
condensation temperature and smoothing of features of
thermodynamic quantities at this temperature. It should
be noted that this model is applicable for description of
mixtures of sufficiently dilute gases, and what concerns
the properties of 3He – 4He solutions one can hope only
for their qualitative description.
II. SELF-CONSISTENT FIELD EQUATIONS
FOR A NORMAL FERMION-BOSON SYSTEM
Let us consider a system of volume V , which is a mix-
ture of a large number NF of fermions with spin s = 1/2
and mass mF and a large number of spinless bosons
NB with mass mB. In the second-quantized represen-
tation the system is described by the field operators: the
fermion Ψ(q) where q ≡ (r, σ), σ = 1, 2 is the fermion
spin index, and the boson one Φ(r). The field opera-
tors satisfy respectively the standard anticommutation
and commutation relations [27]. The Hamiltonian of the
fermion-boson system has the form
H = HF +HB +HFB, (1)
where
HF =
∫
dqdq′Ψ+(q)HF (q, q
′)Ψ(q′)+
+
1
2
∫
dqdq′Ψ+(q)Ψ+(q′)UF (r, r
′)Ψ(q′)Ψ(q),
(2)
HB =
∫
drdr′Φ+(r)HB(r, r
′)Φ(r′)+
+
1
2
∫
drdr′Φ+(r)Φ+(r′)UB(r, r
′)Φ(r′)Φ(r)
(3)
– the Hamiltonians of Fermi and Bose particles with tak-
ing into account their pair interaction,
HFB =
∫
dqdr′Ψ+(q)Φ+(r′)UFB(r, r
′)Φ(r′)Ψ(q) (4)
– the Hamiltonian of the pair interaction between bosons
and fermions. Here
HF (q, q
′) = − ~
2
2mF
∆ δ(q − q′)− µF δ(q − q′)+
+UF (r)δ(q − q′),
HB(r, r
′) = − ~
2
2mB
∆ δ(r− r′)− µBδ(r− r′)+
+UB(r)δ(r − r′),
(5)
µF , µB – the chemical potentials of the Fermi and Bose
systems, UF (r, r
′), UB(r, r
′), UFB(r, r
′) – the energies of
interaction of Fermi, Bose particles and between Fermi
and Bose particles, UF (r), UB(r) – the energies of inter-
action with external fields. The operators of the number
of fermions and bosons are given by the formulas:
NF =
∑
σ
∫
Ψ+(q)Ψ(q)dr, NB =
∫
Φ+(r)Φ(r)dr.
(6)
Let us derive the self-consistent field equations for a
mixture in the absence of Bose-Einstein condensate in
a formulation that was developed earlier for Fermi and
Bose systems in works [28–30]. For this purpose, the
many-particle Hamiltonian (1) is divided into the self-
consistent H0 and the correlation HC parts, so that
H = H0 +HC . (7)
The self-consistent Hamiltonian is chosen quadratic in
the field operators in the form
H0 =
∫
dqdq′Ψ+(q)
[
HF (q, q
′) +WF (q, q
′)
]
Ψ(q′)+
+
∫
drdr′Φ+(r)
[
HB(r, r
′) +WB(r, r
′)
]
Φ(r′) + E0.
(8)
Here there enter the self-consistent fields WF (q, q
′),
WB(r, r
′) and the non-operator energy E0, which have to
be determined later. The correlation Hamiltonian con-
tains all terms which do not enter into the self-consistent
Hamiltonian:
HC =
1
2
∫
dqdq′Ψ+(q)Ψ+(q′)UF (r, r
′)Ψ(q′)Ψ(q)+
+
1
2
∫
drdr′Φ+(r)Φ+(r′)UB(r, r
′)Φ(r′)Φ(r)+
+
∫
dqdr′Ψ+(q)Φ+(r′)UFB(r, r
′)Φ(r′)Ψ(q)−
−
∫
dqdq′Ψ+(q)WF (q, q
′)Ψ(q′)−
−
∫
drdr′Φ+(r)WB(r, r
′)Φ(r′)− E0.
(9)
3It should be stressed that the decomposition of the full
Hamiltonian into the self-consistent (8) and the corre-
lation (9) parts does not change its form. The self-
consistent Hamiltonian (8) can be written in the form
similar to Hamiltonian of free particles. To this end,
let us introduce the quasiparticle operators of fermions
γ+j , γj and bosons η
+
i , ηi which are connected with the
field operators by the relations
Ψ(q) =
∑
j
φj(q) γj , Ψ
+(q) =
∑
j
φ∗j (q) γ
+
j , (10)
Φ(r) =
∑
i
ϕi(r) ηi, Φ
+(r) =
∑
i
ϕ∗i (r) η
+
i . (11)
The one-particle functions in (10), (11) are supposed to
obey the conditions of orthonormality and completeness:∫
dqφ∗j (q)φj′ (q) = δjj′ ,
∑
j
φ∗j (q)φj(q
′) = δ(q − q′),
∫
drϕ∗i (r)ϕi′ (r) = δii′ ,
∑
i
ϕ∗i (r)ϕi(r
′) = δ(r− r′),
(12)
so that the transformations (10) and (11) are canoni-
cal and the quasiparticle operators γ+j , γj and η
+
i , ηi sat-
isfy the anticommutation relations for fermions and the
commutation relations for bosons [27]. The one-particle
functions in (10) and (11) are subject to the equations of
self-consistency∫
dq′
[
HF (q, q
′) +WF (q, q
′)
]
φj(q
′) = εFjφj(q), (13)∫
dr′
[
HB(r, r
′) +WB(r, r
′)
]
ϕi(r
′) = εBiϕi(r). (14)
It follows from (13),(14) that in terms of the quasiparticle
operators the self-consistent Hamiltonian has the form
H0 =
∑
j
εFjγ
+
j γj +
∑
i
εBiη
+
i ηi + E0. (15)
The quantities εFj , εBi have the meaning of the ener-
gies of Fermi and Bose quasiparticles. Thus, the Hamil-
tonian (15) is a sum of the Fermi H0F =
∑
j εFjγ
+
j γj
and the Bose H0B =
∑
i εBiη
+
i ηi Hamiltonians, so that
H0 = H0F +H0B + E0. Note that the Fermi and Bose
Hamiltonians commutate.
Let us define the statistical operator
ρˆ0 = expβ(Ω−H0), (16)
where β = 1/T , the constant Ω = −T ln[Sp exp(−βH0)]
is determined from the normality condition Spρˆ0 = 1 and
has the meaning of the thermodynamic potential of the
system in the self-consistent field model:
Ω = E0 − T ln Sp
[
e−βH0F e−βH0B
]
=
= E0 − T
∑
j
ln
(
1 + e−βεFj
)
+ T
∑
i
ln
(
1− e−βεBi) .
(17)
The average of an arbitrary operator A in the self-
consistent field approximation is defined by the relation
〈A〉 ≡ Sp(ρˆ0A). (18)
The energy E0 is found from the requirement of
maximal proximity of the approximating self-consistent
Hamiltonian to the exact Hamiltonian. Qualitatively this
condition can be formulated as the requirement of the
quantity I =
∣∣〈H−H0〉∣∣ being minimal. Hence it follows
the usual condition of the mean field theory〈
H
〉
=
〈
H0
〉
. (19)
Therefore
E0 =
1
2
∫
dqdq′UF (r, r
′)
〈
Ψ+(q)Ψ+(q′)Ψ(q′)Ψ(q)
〉
+
+
1
2
∫
drdr′UB(r, r
′)
〈
Φ+(r)Φ+(r′)Φ(r′)Φ(r)
〉
+
+
∫
dqdr′UFB(r, r
′)
〈
Ψ+(q)Φ+(r′)Φ(r′)Ψ(q)
〉−
−
∫
dqdq′WF (q, q
′)
〈
Ψ+(q)Ψ(q′)
〉−
−
∫
drdr′WB(r, r
′)
〈
Φ+(r)Φ(r′)
〉
.
(20)
Let us define the one-particle density matrices by the
relations:
ρF (q, q
′) =
〈
Ψ+(q′)Ψ(q)
〉
=
∑
j
φj(q)φ
∗
j(q
′)fFj ,
ρB(r, r
′) =
〈
Φ+(r′)Φ(r)
〉
=
∑
i
ϕi(r)ϕ
∗
i(r
′)fBi.
(21)
It is taken into account here that 〈γ+j γj′ 〉 = fFjδj′j and
〈η+i ηi′ 〉 = fBiδi′i, and the Fermi and Bose distribution
functions have the usual form
fFj = f(εFj) =
(
expβεFj + 1
)−1
,
fBi = f(εBi) =
(
expβεBi − 1
)−1
.
(22)
Thus
E0 =
1
2
∫
dqdq′UF (r, r
′)×
×[ρF (q, q)ρF (q′, q′)− ρF (q′, q)ρF (q, q′)]+
+
1
2
∫
drdr′UB(r, r
′)×
×[ρB(r, r)ρB(r′, r′) + ρB(r′, r)ρB(r, r′)]+
+
∫
dqdr′UFB(r, r
′)ρF (q, q)ρB(r
′, r′)−
−
∫
dqdq′WF (q, q
′)ρF (q
′, q)−
−
∫
drdr′WB(r, r
′)ρB(r
′, r).
(23)
4The variation of the thermodynamic potential Ω =
−T ln
[∑
n
〈
n
∣∣e−βH0∣∣n〉] is equal to the averaged varia-
tion of Hamiltonian (8):
δΩ =
∑
n
〈
n
∣∣e−βH0δH0∣∣n〉∑
n
〈
n
∣∣e−βH0∣∣n〉 =
〈
δH0
〉
. (24)
From the requirement that the variations of the thermo-
dynamic potential with respect to the density matrices
(21) vanish δΩ
/
δρF (q, q
′) = 0, δΩ
/
δρB(r, r
′) = 0, we
obtain the form of the self-consistent potentials:
WF (q, q
′) = −UF (r, r′)ρF (q, q′)+
+ δ(q − q′)
[∫
dq′′UF (r, r
′′)ρF (q
′′, q′′)+
+
∫
dr′′UFB(r, r
′′)ρB(r
′′, r′′)
]
,
(25)
WB(r, r
′) = UB(r, r
′)ρB(r, r
′)+
+ δ(r− r′)
[ ∫
dr′′UB(r, r
′′)ρB(r
′′, r′′)+
+
∫
dq′′UFB(r, r
′′)ρF (q
′′, q′′)
]
.
(26)
Substitution of these expressions into (23) gives
E0 = −1
2
∫
dqdq′UF (r, r
′)×
×[ρF (q, q)ρF (q′, q′)− ρF (q′, q)ρF (q, q′)]−
−1
2
∫
drdr′UB(r, r
′)×
×[ρB(r, r)ρB(r′, r′) + ρB(r′, r)ρB(r, r′)]−
−
∫
dqdr′UFB(r, r
′)ρF (q, q)ρB(r
′, r′).
(27)
The thermodynamic potential is a function of the
temperature T and chemical potentials µF , µB, as
well as a functional of the one-particle density ma-
trices ρF (q, q
′) = ρF (q, q
′;T, µF , µB), ρB(r, r
′) =
ρB(r, r
′;T, µF , µB) which also depend on these quanti-
ties. But since the self-consistent potentials (25),(26)
were determined from the conditions δΩ
/
δρF (q, q
′) = 0
and δΩ
/
δρB(r, r
′) = 0, then when taking the derivatives
of the thermodynamic potential with respect to temper-
ature and chemical potentials one should take into ac-
count only the explicit dependence of Ω on T , µF , µB.
This ensures the fulfilment of all thermodynamic rela-
tions within the self-consistent field model. The equa-
tions (13), (14) together with the formulas for the self-
consistent fields (25), (26) describe the properties of a
mixture of Bose and Fermi particles in the normal state
within the self-consistent field model. This model can
be chosen as the main approximation, and based on it
there can be developed the quantum field perturbation
theory where the correlation Hamiltonian (9) serves a
perturbation [29, 30]. In this work we confine ourselves
to consideration of a mixture only in the self-consistent
field model.
III. SPATIALLY UNIFORM STATE WITH
POINT INTERACTION
Let us consider the spatially uniform nonmagnetic sys-
tem in the absence of external fields. The interaction
potentials will be assumed to have a delta-like form
UF (r− r′) = gF δ(r − r′), UB(r− r′) = gBδ(r− r′),
UFB(r− r′) = gFBδ(r− r′).
(28)
In this case the dispersion laws of quasiparticles remain
the same as in an ideal gas
εFk =
~
2k2
2mF
− µF∗, εBk = ~
2k2
2mB
− µB∗, (29)
but the chemical potentials are replaced by the effective
chemical potentials
µF∗ = µF − 1
2
gFnF − gFBnB,
µB∗ = µB − 2gBnB − gFBnF .
(30)
The appearance of the coefficients 1/2 before gF and 2
before gB in (30) is conditioned by taking into account
the exchange interaction. The dispersion laws of quasi-
particles in an interacting system change, if the nonlocal
character of the interaction between particles is being
taken into account. In this case the masses of free parti-
cles are replaced by their effective masses [31].
Similar to the case of the ideal quantum gases, all ther-
modynamic functions can be expressed through the stan-
dard tabulated functions
Φ(±)s (t) =
1
Γ(s)
∫ ∞
0
zs−1 dz
ez−t ± 1 , (31)
where the plus sign refers to the Fermi particles and
the minus sign to the Bose particles, Γ(s) is the gamma
function. The functions Φ
(−)
s (t) are defined for t ≤ 0,
and for t > 0 the integrals Φ
(−)
s (t) diverge. We will
need functions (31) with a half-integer index s ≥ 1/2.
At t = 0 functions (31) are expressed through the Rie-
mann zeta function ζ(s): Φ
(+)
s (0) = (1 − 21−s)ζ(s) and
Φ
(−)
s (0) = ζ(s) if s > 1, and at t → −0 Φ(−)1/2(t) ≈√
−pi/t. Note that in the case s > 1 there is a useful
relation dΦ
(±)
s (t)
/
dt = Φ
(±)
s−1(t). The functions Φ
(±)
s (t)
monotonically increase with increasing t, and at t→ −∞
there holds for them the asymptotics Φ
(±)
s (t) ≈ et.
The numbers of fermions and bosons, as functions of
chemical potentials, are given by the formulas:
NF =
2V
Λ3F
Φ
(+)
3/2(tF ), NB =
V
Λ3B
Φ
(−)
3/2(tB), (32)
5where the parameters tF = βµF∗, tB = βµB∗ are defined,
and
ΛF ≡
(
2pi~2
/
mFT
)1/2
, ΛB ≡
(
2pi~2
/
mBT
)1/2 (33)
are the de Broglie thermal wavelengths. Pay attention
that, in contrast to the case of ideal gases, the effective
chemical potentials themselves (30) are connected with
the number densities of fermions and bosons, so that (32)
is a coupled system of nonlinear equations.
The thermodynamic potential is given by expression
Ω = E0 − 2TV
Λ3F
Φ
(+)
5/2(tF )−
TV
Λ3B
Φ
(−)
5/2(tB). (34)
Here E0 is obtained from the formula (27):
E0
V
= −gF n
2
F
4
− gBn2B − gFBnFnB. (35)
Therefore
Ω = −V
[
gF
n2F
4
+ gBn
2
B + gFBnFnB +
+
2T
Λ3F
Φ
(+)
5/2(tF ) +
T
Λ3B
Φ
(−)
5/2(tB)
]
.
(36)
The thermodynamic potential should be considered as a
function of the chemical potentials µF , µB and temper-
ature T , since according to (32)
nF =
2
Λ3F
Φ
(+)
3/2(tF ), nB =
1
Λ3B
Φ
(−)
3/2(tB). (37)
The system of equations (37) determines the densities
as functions of the chemical potentials and temperature:
nF = nF (T, µF , µB) and nB = nB(T, µF , µB).
Since the pressure p = −Ω/V , it follows from (36):
p = gF
n2F
4
+ gBn
2
B + gFBnFnB +
+
2T
Λ3F
Φ
(+)
5/2(tF ) +
T
Λ3B
Φ
(−)
5/2(tB).
(38)
The total energy is given by the formula
E = E0 + 2
∑
k
(εFk + µF )fFk +
∑
k
(εBk + µB)fBk,
(39)
so that
E
V
= gF
n2F
4
+ gBn
2
B + gFBnFnB +
+3
T
Λ3F
Φ
(+)
5/2(tF ) +
3
2
T
Λ3B
Φ
(−)
5/2(tB).
(40)
The entropy can be obtained both by the combinatorial
way
S = −2
∑
k
[
fFk ln fFk + (1− fFk) ln(1− fFk)
]−
−
∑
k
[
fBk ln fBk − (1 + fBk) ln(1 + fBk)
]
,
(41)
and by means of the thermodynamic relation S =
−(∂Ω/∂T )µF ,µB :
S =
2V
Λ3F
[
5
2
Φ
(+)
5/2(tF )− tFΦ
(+)
3/2(tF )
]
+
+
V
Λ3B
[
5
2
Φ
(−)
5/2(tB)− tBΦ
(−)
3/2(tB)
]
.
(42)
Sometimes, instead of the number densities of parti-
cles of each sort, it is more convenient to use the total
density and concentration. Let there is a total number
of particles N = NF + NB in the volume V , then the
total density n = N/V = nF + nB. Let us define the
concentrations of the Fermi and Bose particles:
xF ≡ NF
N
=
nF
n
, xB ≡ NB
N
=
nB
n
. (43)
In the following we will consider the Fermi component as
an admixture, setting xF ≡ x and xB ≡ 1− x. Then
NF = Nx, NB = N(1− x),
nF = nx, nB = n(1− x).
(44)
One can use also the mass concentrations:
M =MF +MB = mFNF +mBNB,
cF ≡ c ≡ MF
M
=
mFx
mFx+mB(1− x) ,
cB ≡ 1− c ≡ MB
M
=
mB(1− x)
mFx+mB(1 − x) .
(45)
The mass densities are given by the formulas: ρ ≡
M/V = n
[
mF c + mB(1 − c)
]
, ρF ≡ MF /V = cρ,
ρB ≡MB/V = (1 − c)ρ.
IV. THERMODYNAMICS OF A MIXTURE IN
THE ABSENCE OF BOSE-EINSTEIN
CONDENSATE
In a system of noninteracting Bose particles at some
temperature TC the condensation in the momentum
space takes place [2]. In [24] it was proposed a relatively
simple generalization of the model with taking into ac-
count the interaction between particles in a pure Bose
system. The phenomenon of Bose-Einstein condensation
will also take place in a mixture of fermions and bosons.
At first, in this section, we consider thermodynamics of a
mixture of Fermi and Bose particles interacting according
to (28), in the spatially uniform case at T > TC , when
the condensate is absent. At high temperatures the ef-
fective chemical potentials (30) are negative and they in-
crease with decreasing temperature. At the temperature
when the effective chemical potential of Fermi particles
becomes zero the system does not have any peculiarities,
and under the condition µB∗ = 0 the condensation oc-
curs in a mixture in the subsystem of Bose particles. The
6temperature of Bose-Einstein condensation TC like in a
Bose gas is determined by the density of Bose particles:
nB =
Φ
(−)
3/2(0)[
ΛB(TC)
]3 = n(1 − x). (46)
At the fixed total density the condensation temperature
decreases with increasing the concentration of the ad-
mixture of Fermi particles. Note that in 3He – 4He so-
lutions the temperature of the superfluid transition also
decreases with increasing the concentration of the ad-
mixture of Fermi particles [13]. The thermodynamic po-
tential, densities, pressure, energy and entropy in the
case under consideration are determined by the formulas
(36) – (38), (40) and (42). The parameters entering into
these formulas in the phase without condensate vary in
the intervals −∞ < tB ≤ 0 and −∞ < tF < tF0, where
tF0 is determined by the equation
nF
2nB
(
mB
mF
)3/2
=
Φ
(+)
3/2(tF0)
Φ
(−)
3/2(0)
. (47)
Let us derive the heat capacities of a solution. To this
aim we have to calculate the differentials of the entropy,
numbers of Fermi and Bose particles, and also pressure:
dS = S
dV
V
+
3
2
S
dT
T
+
2V
Λ3F
(
3
2
Φ
(+)
3/2 − tFΦ
(+)
1/2
)
dtF +
+
V
Λ3B
(
3
2
Φ
(−)
3/2 − tBΦ
(−)
1/2
)
dtB,
(48)
dNF = NF
dV
V
+
3
2
NF
dT
T
+
2V
Λ3F
Φ
(+)
1/2 dtF ,
dNB = NB
dV
V
+
3
2
NB
dT
T
+
V
Λ3B
Φ
(−)
1/2 dtB ,
(49)
dp =

5Φ(+)5/2
Λ3F
+
5
2
Φ
(−)
5/2
Λ3B

dT +
+
2T
Λ3F
Φ
(+)
3/2dtF +
T
Λ3B
Φ
(−)
3/2dtB +
+
(
gF
nF
2
+ gFBnB
)
nF
dNF
NF
+
+
(
2gBnB + gFBnF
)
nB
dNB
NB
−
− 2
(
gF
n2F
4
+ gBn
2
B + gFBnFnB
)
dV
V
.
(50)
Then at arbitrary conditions the heat capacity can be
written in the form:
C = T
dS
dT
=
=
3
2
S +
ST
V
dV
dT
+
2V T
Λ3F
(
3
2
Φ
(+)
3/2 − tFΦ
(+)
1/2
)
dtF
dT
+
+
V T
Λ3B
(
3
2
Φ
(−)
3/2 − tBΦ
(−)
1/2
)
dtB
dT
.
(51)
As was remarked above, we consider the system with a
fixed number of particles of each sort in the volume V . In
other words, the concentration x is assumed to be fixed.
From the assumed condition of constancy of the numbers
of particles (dNF = dNB = 0) we get the relations:
1
V
dV
dT
= −3
2
β −
Φ
(+)
1/2
Φ
(+)
3/2
dtF
dt
,
1
V
dV
dT
= −3
2
β −
Φ
(−)
1/2
Φ
(−)
3/2
dtB
dt
.
(52)
From here it follows:
Φ
(+)
1/2
Φ
(+)
3/2
dtF
dt
=
Φ
(−)
1/2
Φ
(−)
3/2
dtB
dt
≡ −η, 1
V
dV
dT
= −3
2
β + η. (53)
Using (53), we obtain formulas at x = const for the heat
capacity at a constant volume:
CV,x
N
=
15
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
[
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
− 3
5
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
]} (54)
and the heat capacity at a constant pressure:
Cp,x
N
=
25
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
[
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
− 3
5
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
]}
×
×
[
6
5
G
nT
+ x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+ (1− x)
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
]
[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1− x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
] .
(55)
The parameter η introduced in (53) is determined by the
formula
η =
(
3βG+ 5
Φ
(+)
5/2
Λ3F
+
5
2
Φ
(−)
5/2
Λ3B
)
(
2G+
2T
Λ3F
Φ
(+) 2
3/2
Φ
(+)
1/2
+
T
Λ3B
Φ
(−) 2
3/2
Φ
(−)
1/2
) . (56)
7The designation is used
G = gF
(
n2F
/
4
)
+ gBn
2
B + gFBnFnB =
= n2
[
gF
(
x2
/
4
)
+ gB(1− x)2 + gFB x(1− x)
]
.
The difference of the feat capacities (55), (54)
Cp,x − CV,x
N
=
=
25
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
[
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
− 3
5
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
]}2
×
× 1[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1− x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
]
(57)
should be positive in accordance with the requirement of
thermodynamic stability. The conditions of stability are
analyzed below. In an ideal Bose gas the heat capacity at
a constant pressure tends to infinity when approaching
to the condensation temperature from the side of higher
temperatures, and in the phase with condensate it proves
to be infinite, since at T < TC in an ideal gas the pressure
does not depend on the density [25]. When the interac-
tion between Bose particles is taken into account the heat
capacity at a constant pressure at the transition temper-
ature and below it (see further section V) proves to be
finite.
One more important characteristic of systems of in-
teracting particles is their compressibility. The isother-
mic compressibility at a constant concentration γT,x =
n−1(∂n/∂p)T,x, considering the conditions dNF =
dNB = dT = 0, is given by the formula
γT,x =
1
nT
[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1− x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
] .
(58)
The adiabatic compressibility γσ,x = n
−1(∂n/∂p)σ,x,
where σ = S
/
N is the entropy per one particle of a
solution, is obtained from the condition of constancy
of the entropy which is equivalent to the requirements
tF = const, tB = const or dtF = dtB = 0, that gives
γσ,x =
1
nT
[
2G
nT
+
5
3
x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+
5
3
(1− x)
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
] .
(59)
The relation proves to be satisfied
γT,x
γσ,x
=
Cp,x
CV,x
=
=
[
2G
nT
+
5
3
x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+
5
3
(1− x)
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
]
[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1− x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
] .
(60)
Let us also give the formula for the square of speed of
sound u2σ,x = 1
/
[(mFnF +mBnB)γσ,x] :
u2σ,x = T
[
2G
nT
+
5
3
x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+
5
3
(1 − x)
Φ
(−)
5/2(tB)
Φ
(−)
3/2(tB)
]
[
xmF + (1− x)mB
] .
(61)
V. THERMODYNAMICS OF A MIXTURE
WITH BOSE-EINSTEIN CONDENSATE
Bose-Einstein condensation in a system of interacting
particles is accompanied by the breaking of the phase
symmetry of a state, which manifests itself in the ap-
pearance of the anomalous quasiaverages 〈Φ(r)〉, 〈Φ+(r)〉
and 〈Φ(r)Φ(r′)〉, 〈Φ+(r)Φ+(r′)〉. The theoretical descrip-
tion of a system with taking into account the breaking of
the phase symmetry becomes considerably complicated
[28, 30]. The model of condensation of interacting parti-
cles proposed in [24] accounts for Bose-Einstein conden-
sation to the extent that it takes place in an ideal gas,
where the macroscopic occupation of the ground state is
taken into consideration but the appearance of the quasi-
averages 〈Φ(r)〉, 〈Φ+(r)〉 associated with the one-particle
condensate is disregarded. Although in this approach one
neglects the effects caused by the existence of the anoma-
lous quasiaverages, nevertheless, accounting for the inter-
action enables to eliminate those difficulties which exist
in the model of an ideal gas [24], and to make the model
more realistic. In this paper the phenomenon of conden-
sation will be considered in the same way as is done in
[24] for a pure Bose system.
Below the temperature of transition of the subsystem
of Bose particles into the phase with condensate T < TC
the formulas of thermodynamic of a mixture are obtained
if one sets tF = βµF∗, tB = 0 in the above formulas
relating to the case T > TC . Thus, the effective chemical
potential of the Bose subsystem proves to be fixed and
equal to zero, and at that tF0 < tF < ∞. The actual
chemical potential of Bose particles remains a “good”
thermodynamic variable, being different from zero, and
is determined by the formula
µB = 2gBnB + gFBnF . (62)
8The thermodynamic potential in the phase with conden-
sate as a function of the chemical potentials and temper-
ature is given by the formula
Ω = −V
[(
gF gB − g2FB
)
4gB
n2F +
µ2B
4gB
+
+
2T
Λ3F
Φ
(+)
5/2(tF ) +
T
Λ3B
Φ
(−)
5/2(0)
]
.
(63)
It is easy to make sure that all necessary thermody-
namic relations are fulfilled in the phase with conden-
sate: NF = −(∂Ω/∂µF )V,T,µB , NB = −(∂Ω/∂µB)V,T,µF ,
S = −(∂Ω/∂T )V,µF ,µB . As seen, in the phase with con-
densate in the thermodynamic potential the constant of
interaction of Bose particles stands in the denominator,
so that Ω is not an analytic function of the quantity
gB. This indicates impossibility of using the perturba-
tion theory in the interaction constant gB in the phase
with condensate. The temperature dependence of the
density of particles in the condensate is the same as in a
pure Bose system
n0(T ) = nB
[
1−
(
T
TC
)3/2]
, (64)
where the condensation temperature is determined by
the formula (46) and depends on the concentration of
the admixture of Fermi particles. The number density
of overcondensate Bose particles decreases with temper-
ature n′B(T ) =
1
Λ3B
Φ
(−)
3/2(0).
The pressure is given by the formula
p = G+
2T
Λ3F
Φ
(+)
5/2(tF ) +
T
Λ3B
Φ
(−)
5/2(0). (65)
The formula for the entropy remains the same as for the
mixture of ideal gases
S =
2V
Λ3F
[
5
2
Φ
(+)
5/2(tF )− tFΦ
(+)
3/2(tF )
]
+
V
Λ3B
5
2
Φ
(−)
5/2(0).
(66)
The heat capacities at constant volume and pressure,
as well as at a fixed concentration, have the form
CV,x
N
=
15
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
(
T
TC
)3/2 Φ(−)5/2(0)
Φ
(−)
3/2(0)
}
,
(67)
Cp,x
N
=
25
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
(
T
TC
)3/2 Φ(−)5/2(0)
Φ
(−)
3/2(0)
}
×
×
[
6
5
G
nT
+ x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+ (1− x)
(
T
TC
)3/2 Φ(−)5/2(0)
Φ
(−)
3/2(0)
]
[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
] ,
(68)
and their difference :
Cp,x − CV,x
N
=
=
25
4
{
x
[
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
− 3
5
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
]
+
+(1− x)
(
T
TC
)3/2Φ(−)5/2(0)
Φ
(−)
3/2(0)
}2
1[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
] .
(69)
The isothermic and adiabatic compressibilities are
given by the formulas:
γT,x =
1
nT
[
2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
] ,
(70)
γσ,x =
=
1
nT
[
2G
nT
+
5
3
x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+
5
3
(1− x)
(
T
TC
)3/2Φ(−)5/2(0)
Φ
(−)
3/2(0)
] ,
(71)
and the square of speed of first sound by the formula
u2σ,x =
= T
[
2G
nT
+
5
3
x
Φ
(+)
5/2(tF )
Φ
(+)
3/2(tF )
+
5
3
(1 − x)
(
T
TC
)3/2Φ(−)5/2(0)
Φ
(−)
3/2(0)
]
[
xmF + (1− x)mB
] .
(72)
VI. THERMODYNAMIC STABILITY OF A
MIXTURE OF FERMI AND BOSE PARTICLES
Now let us analyze the conditions of thermodynamic
stability of the spatially uniform state of solutions. As
known [26], in a thermodynamically stable system the
inequalities hold Cp > CV > 0, so that the difference of
9the heat capacities Cp − CV > 0 should be positive. In
the formulas (57) and (69) obtained above the numerator
on the right side is always positive, and the sign of the
denominator is significantly determined by the character
of interparticle interactions or, in the model being used,
by the signs of the scattering lengths of the mixture com-
ponents and can have a different sign. The requirements
of thermodynamic stability are satisfied, if at T > TC the
function
F> ≡ 2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1 − x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
> 0 (73)
is positive, and at T < TC the following one is positive
F< ≡ 2G
nT
+ x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
> 0. (74)
With the help of the formulas (38), (50), (65) it is
easy to make sure that the inequalities (73) and (74)
are equivalent to the known thermodynamic inequality
(∂p/∂V )T,x < 0 [26]. The relations (73) and (74) can be
represented in the form
1
2
[
gF +
TΛ3F
Φ
(+)
1/2(tF )
]
n2F +
[
2gB +
TΛ3B
Φ
(−)
1/2(tB)
]
n2B+
+2gFBnFnB > 0,
(75)
1
2
[
gF +
TΛ3F
Φ
(+)
1/2(tF )
]
n2F + 2gBn
2
B + 2gFBnFnB > 0. (76)
The conditions of positive definiteness of the quadratic
forms (75), (76) are: at T > TC[
gB +
TΛ3B
2Φ
(−)
1/2(tB)
][
gF +
TΛ3F
Φ
(+)
1/2(tF )
]
− g2FB > 0,
gB +
TΛ3B
2Φ
(−)
1/2(tB)
> 0 or gF +
TΛ3F
Φ
(+)
1/2(tF )
> 0,
(77)
and at T < TC
gB
[
gF +
TΛ3F
Φ
(+)
1/2(tF )
]
− g2FB > 0,
gB > 0 or gF +
TΛ3F
Φ
(+)
1/2(tF )
> 0.
(78)
In the analysis of stability and in specific calculations
of thermodynamic quantities it is convenient to pass to
the dimensionless form of their representation. Let us
introduce some characteristic length l0, which can be de-
fined by reasons of convenience depending on the value
of the density of a considered system. Also, let us define
the characteristic temperature
T∗ ≡ 2pi~
2
mBl20
1[
Φ
(−)
3/2(0)
]2/3 . (79)
The dimensionless density and temperature are defined
by the formulas: n˜ = nl30, T˜ = T
/
T∗. The introduction of
the characteristic temperature by the formula (79) allows
to write the dimensionless temperature of Bose-Einstein
condensation in the form T˜C = T˜C0(1 − x)2/3, where
T˜C0 = n˜
2/3 is the dimensionless condensation tempera-
ture of a pure Bose system. The interaction constants can
be expressed through the scattering lengths aF , aB, aFB,
which in the Born approximation are determined by the
formulas:
gF =
4pi~2
mF
aF , gB =
4pi~2
mB
aB, gFB =
2pi~2
mFB
aFB,
(80)
where mFB = mBmF
/
(mB +mF ) is the reduced mass.
Everywhere it is assumed that the repulsion aB > 0 dom-
inates between Bose particles, that ensures the stability
of the pure subsystem of Bose particles. It is also con-
venient to introduce the ratios of the scattering lengths
αF ≡ aF /aB, αFB ≡ aFB/aB and the ratio of the masses
m˜ ≡ mF /mB, mFB/mB = m˜/(1 + m˜). In these designa-
tions G
/
nT ≡ (n˜/T˜ )Z(x), where
Z(x) ≡ 2a˜B
[
Φ
(−)
3/2(0)
]2/3×
×
[
(1− x)2 + αF
m˜
x2
4
+
αFB
2
(
1 + m˜−1
)
x(1− x)
]
(81)
and a˜B = aB/l0. When using the introduced designa-
tions the condition of stability of the phase without con-
densate (73) takes the form
F>(n˜, T˜ , x; tF , tB) ≡
≡ 2n˜
T˜
Z(x) + x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
+ (1 − x)
Φ
(−)
3/2(tB)
Φ
(−)
1/2(tB)
> 0,
(82)
and the relations following from (37) should be taken into
account
x = 2m˜3/2
T˜ 3/2
n˜
Φ
(+)
3/2(tF )
Φ
(−)
3/2(0)
, 1− x = T˜
3/2
n˜
Φ
(−)
3/2(tB)
Φ
(−)
3/2(0)
.
(83)
In the phase with condensate
F<(n˜, T˜ , x; tF ) ≡ 2n˜
T˜
Z(x) + x
Φ
(+)
3/2(tF )
Φ
(+)
1/2(tF )
> 0, (84)
where the first formula in (83) should be taken into ac-
count. On the right side of the relations (82),(84) only the
function Z(x) can be negative. According to data given
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Figure 1: The diagram of stability of a mixture in the coor-
dinates temperature – concentration at n˜ = 200:
L1 – the boundary of the region of the stable uniform state,
L2 – the condensation line T˜C(x) ≡ n˜
2/3(1−x)2/3, x0 = 0.63,
A = (xA = 0.65, T˜A = 17.0) – the intersection point of L1, L2,
B = (xB = 0.86, T˜B = 36.3) – the maximum point of L1.
in [32], the scattering lengths for 3He – 3He and 3He –
4He are negative, and the scattering length for 4He – 4He
is positive. In specific calculations we assume aB = 20 A˚,
aF = −10 A˚, aFB = −10 A˚. The characteristic length
is assumed to be l0 = n
−1/3
0 = 10
−6 cm = 100 A˚, which
corresponds to the density n0 = 10
18 cm−3. The ratio
of the masses m˜ ≡ mF /mB = 3/4. The concentration
xc is determined by the condition Z(xc) = 0 and at cho-
sen parameters xc = 0.56. The concentration x0 sepa-
rates the regions of the uniform and nonuniform states
at zero temperature and is determined by the equation
Z(x0) +
x
5/3
0
4m˜
[
piζ2(3/2)
3n˜
]1/3
= 0. This same equation de-
termines the density n˜0 at a fixed concentration (Fig. 2).
In Figs. 1 – 3 there are shown the region of the spatially
uniform state and the region of nonuniformity in different
coordinates.
In Fig. 1 is shown the diagram of stability of a mixture
in the coordinates (x, T˜ ). At the concentrations lower
than x0 the spatially uniform state proves to be stable at
all temperatures. At x0 < x < xA the uniform state
without condensate is stable at all temperatures, and
the state with condensate is stable only just below the
condensation line and becomes unstable with decreasing
temperature. At x > xA there is the region of stabil-
ity of the state without condensate (above the line L1 in
Fig. 1), and the state with condensate is always unstable.
With decreasing the density the region of instability di-
minishes and the point x0 shifts to the right. Thus, at
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Figure 2: The diagram of stability of a mixture in the coor-
dinates temperature – density at x = 0.7:
L1 – the boundary of the region of the stable uniform state,
L2 – the condensation line T˜C(n˜) ≡ n˜
2/3(1−x)2/3, n˜0 = 68.5,
A = (n˜A = 90.5, T˜A = 9.03) – the intersection point of L1, L2.
n˜ = 100 the concentration x0 = 0.67.
In Fig. 2 is shown the diagram of stability in the co-
ordinates (n˜, T˜ ). At the low densities n˜ < n˜0 the spa-
tially uniform state is stable at all temperatures. At
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Figure 3: The diagram of stability of a mixture in the coor-
dinates density – concentration at T˜ = 4.0:
L1 – the boundary of the region of the stable uniform state,
L2 – the condensation line n˜C(x) = T˜
3/2
/
(1− x),
A = (xA = 0.86, n˜A = 58.5) – the intersection point of L1, L2,
B = (xB = 0.80, n˜B = 52.7) – the minimum point of L1.
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n˜0 < n˜ < n˜A the uniform state without condensate is also
stable, and the state with condensate is stable just below
the condensation line and loses stability with decreasing
temperature. At n˜ > n˜A the state with condensate is al-
ways unstable, and the state without condensate is stable
at high temperatures (above the line L1 in Fig. 2).
In Fig. 3 is shown the diagram of stability in the coor-
dinates (x, n˜). At low concentrations x < xc the spatially
uniform state is stable at all densities. At xc < x < xA
the state without condensate is stable, and the spatially
uniform state loses stability with increasing the density.
At x > xA the state with condensate is unstable and
there is only the region of stability of the state without
condensate at low densities (below the line L1 in Fig. 3).
Thus, the stability of the spatially uniform state of a
mixture improves with decreasing the density and the
concentration and with increasing the temperature. At
densities and concentrations lower than some critical val-
ues, which are determined by the magnitude of interac-
tions, the system becomes stable at all temperatures.
In the particular case of zero temperature the stability
of a Fermi-Bose mixture was analyzed in work [33].
VII. TEMPERATURE DEPENDENCIES OF
PRESSURE, HEAT CAPACITIES AND
COMPRESSIBILITIES
In this section we present the results of some numeri-
cal calculations based on the general formulas obtained in
the previous sections for the equation of state, temper-
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Figure 4: The dependencies of the total pressure p˜ = p/p∗
(p∗ ≡ 4pi~
2
/
mBl
5
0) on the temperature T˜ at the density n˜ =
0.1 (n = 1017 cm−3) and various values of concentration x:
(1) the pure Bose system x = 0, T˜C = 0.22; (2) x = 0.3,
T˜C = 0.17; (3) x = 0.7, T˜C = 0.10. The vertical dashed lines
denote the condensation temperature.
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Figure 5: The temperature dependencies of the heat capacity
at a constant volume at n˜ = 0.1 (n = 1017 cm−3) and various
concentrations: (1) the pure Bose system x = 0, T˜C = 0.22;
(2) x = 0.3, T˜C = 0.17; (3) x = 0.7, T˜C = 0.10. The vertical
dashed lines denote the condensation temperature.
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Figure 6: The temperature dependencies of the heat capacity
at a constant pressure at n˜ = 0.1 (n = 1017 cm−3) and various
concentrations: (1) the pure Bose system x = 0, T˜C = 0.22;
(2) x = 0.3, T˜C = 0.17; (3) x = 0.7, T˜C = 0.10. The vertical
dashed lines denote the condensation temperature.
ature dependencies of heat capacities, compressibilities
and also the speed of sound. Being of the most interest,
the behavior of thermodynamic quantities near the tem-
perature of transition into the state with condensate can
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be analyzed if we take advantage of the expansions
Φ
(−)
1/2(t) ≈
√
−pi/t+ ζ(1/2), Φ(−)3/2(t) ≈ ζ(3/2)− 2
√−pit,
Φ
(−)
5/2(t) ≈ ζ(5/2) + ζ(3/2) t,
(85)
being valid for |t| ≪ 1.
In Fig. 4 are presented the graphs of dependencies of
the total pressure on temperature at a constant density
and some concentrations. The pressure monotonically
increases with increasing temperature. At the point of
Bose-Einstein transition both the pressure and its first
derivative remain continuous. Only the second deriva-
tive undergoes a jump ∆
(
∂2p
/
∂T 2
) ≡ (∂2p/∂T 2)
TC+0
−(
∂2p
/
∂T 2
)
TC−0
:
∆
(
∂2p
∂T 2
)
= − 9
8pi
[
ζ(3/2)
]3
TC
[
ΛB(TC)
]3 =
= − 9
8pi
[
ζ(3/2)
]3 ( mB
2pi~2
)3/2
T
1/2
C .
(86)
Since the condensation temperature decreases with in-
creasing the concentration, then the value of the jump
∆
(
∂2p
/
∂T 2) decreases respectively. Note that the pres-
sure of a mixture at x = 0.3 (curve 2 in Fig. 4) at zero
temperature proves to be lower than the pressure of a
pure Bose system, which is conditioned by the attraction
between fermions and between fermions and bosons.
The numerical calculation of the temperature depen-
dencies of the heat capacities is presented in Figs. 5 and 6.
In Fig. 5 are shown the temperature dependencies of the
heat capacity per one particle at a constant volume for
some values of the concentration. In a pure Bose system
and at low concentrations the capacity at the conden-
sation temperature has a sharp maximum (curves 1, 2),
and at greater concentrations (curve 3) the maximum is
absent but there remains the break. The form of the
temperature dependencies of the isobaric heat capacity
Cp,x(T˜ )
/
N , shown in Fig. 6, is qualitatively similar to
the dependencies CV,x(T˜ )
/
N , but the peaks at the con-
densation temperature at low concentrations prove to be
more sharp.
The decrease of the magnitudes of the heat capacity
peaks at the condensation temperature as the concentra-
tion of fermions increases is qualitatively similar to what
is observed in 3He – 4He solutions (see [13], ch. 2). Both
heat capacities are continuous at the condensation tem-
perature, but their derivatives at the transition from the
high-temperature to the low-temperature phase undergo
a jump ∆
(
∂C
/
∂T
) ≡ (∂C/∂T )
TC+0
− (∂C/∂T )
TC−0
:
∆
(
∂CV,x
∂T
)
= −(1− x) 27
16pi
ζ2(3/2)
N
TC
,
∆
(
∂Cp,x
∂T
)
= −(1− x) 27
16pi
ζ2(3/2)
N
TC
×
×


1 +
5
6
nTC
G
x
Φ
(+)
5/2(tF0)
Φ
(+)
3/2(tF0)
+
5
6
nTC
G
(1− x)ζ(5/2)
ζ(3/2)
1 +
nTC
2G
x
Φ
(+)
3/2(tF0)
Φ
(+)
1/2(tF0)


2
.
(87)
At x = 0 these formulas, naturally, turn into the for-
mulas of work [24]. In the limit of strong interaction
G
/
nTC ≫ 1 the jumps of derivatives for both heat ca-
pacities (87) coincide. In the opposite limit of weak inter-
action G
/
nTC ≪ 1 the jump of the isobaric heat capacity
proves to be independent of the interaction constants:
∆
(
∂Cp,x
∂T
)
= − (1− x)
x2
27
16pi
ζ2(3/2)
N
TC
×
×

5
3
Φ
(+)
1/2(tF0)
Φ
(+)
3/2(tF0)
(
x
Φ
(+)
5/2(tF0)
Φ
(+)
3/2(tF0)
+ (1− x)ζ(5/2)
ζ(3/2)
)
2
.
(88)
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Figure 7: The temperature dependencies of the isothermal
compressibility γ˜T,x = γT,xnT∗ at n˜ = 0.1 (n = 10
17 cm−3)
and various concentrations: (1) the pure Bose system x = 0,
T˜C = 0.22; (2) x = 0.3, T˜C = 0.17; (3) x = 0.7, T˜C = 0.10.
The vertical dashed lines denote the condensation tempera-
ture.
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Figure 8: The temperature dependencies of (a) the adiabatic compressibility γ˜σ,x = γσ,xnT∗ and (b) the square of speed of
sound u˜2σ,x = u
2
σ,x(mB/T∗) at n˜ = 0.1 (n = 10
17 cm−3) and various concentrations: (1) the pure Bose system x = 0, T˜C = 0.22;
(2) x = 0.3, T˜C = 0.17; (3) x = 0.7, T˜C = 0.10. The vertical dashed lines denote the condensation temperature.
In this respect a mixture of Fermi and Bose particles
differs from a pure Bose system, where at G→ 0 the heat
capacity Cp and the jump ∆
(
∂Cp
/
∂T
)
tend to infinity.
In Figs. 7 and 8 are shown the temperature dependen-
cies of the isothermal and adiabatic compressibilities and
the square of speed of sound. In a pure Bose system of
interacting particles below the condensation temperature
the isothermal compressibility proves to be independent
of temperature (curve 1 in Fig. 7) [24]. The presence of
the admixture of Fermi particles leads to the appearance
of dependence of the isothermal compressibility on tem-
perature in the state with condensate as well (curve 2, 3 in
Fig. 7). At the condensation temperature the derivative
with respect to temperature of the isothermal compress-
ibility undergoes a jump:
∆
(
∂γT,x
∂T
)
=−3n(1− x)ζ
2(3/2)
16piG2
[
1+ x
nTC
2G
Φ
(+)
3/2(tF0)
Φ
(+)
1/2(tF0)
]−2
.
(89)
The adiabatic compressibility and the speed of sound,
as well as their first derivatives are continuous at the
condensation temperatures (Fig. 8a, b).
VIII. CONCLUSION
In the paper, in general form for the pair potentials
of the interparticle interaction, there are formulated the
self-consistent field equations and obtained the thermo-
dynamic relations for a mixture of Bose and Fermi par-
ticles. The case of a delta-like interaction between parti-
cles is studied in detail. Formulas for the thermodynamic
potential, entropy, pressure, heat capacities at constant
volume and pressure, isothermal and adiabatic compress-
ibilities, speed of sound are obtained both above the tem-
perature of Bose-Einstein condensation and in the state
with condensate. The results of numerical calculations
of these quantities as functions of temperature at differ-
ent concentrations are presented. It is shown that with
increasing the concentration of the admixture of Fermi
particles, the temperature of Bose-Einstein condensation
decreases and the features of thermodynamic quantities
at the transition temperature, in particular of the heat
capacity, become less pronounced. As in the case of a
pure Bose system [24], in the phase with condensate the
dependence of thermodynamic quantities on the interac-
tion constant between Bose particles proves to be nonan-
alytic, so that developing the perturbation theory in the
interaction constant proves to be impossible here.
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